Punching shear failure in blast-loaded RC slabs and panels by Sagaseta, Juan et al.
Engineering Structures 147 (2017) 177–194Contents lists available at ScienceDirect
Engineering Structures
journal homepage: www.elsevier .com/ locate /engstructPunching shear failure in blast-loaded RC slabs and panelshttp://dx.doi.org/10.1016/j.engstruct.2017.04.051
0141-0296/ 2017 The Author(s). Published by Elsevier Ltd.
This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
⇑ Corresponding author at: Faculty of Engineering and Physical Sciences, Civil
Engineering C5, Guildford, Surrey GU2 7XH, UK.
E-mail address: j.sagaseta@surrey.ac.uk (J. Sagaseta).
1 Currently at Tokyo Polytechnic University, Kanagawa, Japan.
2 Currently at Skidmore, Owings & Merrill, Inc., London, UK.J. Sagaseta a,⇑, P. Olmati a,1, K. Micallef a,2, D. Cormie b
aDepartment of Civil and Environmental Engineering, University of Surrey, Guildford GU2 7XH, UK
bResilience Security and Risk, Arup, London, UK
a r t i c l e i n f o a b s t r a c tArticle history:
Received 23 August 2016
Revised 30 March 2017
Accepted 26 April 2017
Keywords:
Punching shear
Blast loading
Strain-rate effects
Critical Shear Crack Theory
Numerical simulationsReinforced concrete (RC) slabs and panels are commonly encountered in critical infrastructure and indus-
trial facilities with a high risk of close-range explosions due to accidents or terrorist attacks. Close-in det-
onations lead to high intensity concentrated loads which can cause a premature brittle punching failure
of the member. The assessment of such type of failure mode is challenging since the loading source varies
its magnitude in space and time. This paper proposes an analytical method by which the occurrence of
punching (or otherwise) is assessed by comparing the dynamic shear demand and capacity (supply).
An exponentially decaying distribution of reflected overpressures on the RC surface is presented for this
analysis. The punching shear demand is estimated from the pressure and inertial forces acting in the free-
body diagram. The dynamic punching shear capacity is obtained using the Critical Shear Crack Theory
with small slab deformations which are predicted from an equivalent single-degree-of-freedom model.
The proposed approach takes into account the impulsive behaviour of the member leading to a higher
punching capacity and provides better predictions than using existing formulae for punching which
are based on tests with quasi-static loading and deformations. The proposed analytical equations are fur-
ther supported by numerical explicit finite element models providing useful information of crack devel-
opment, dynamic reactions and deflections. The application of the proposed method has been illustrated
and validated by comparison with various tests with scale distances from 0.2 to 1.5 m/kg1/3. A practical
example is presented to illustrate the applicability of the proposed method.
 2017 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).1. Introduction
The increased threat of terrorist attacks as well as the occur-
rence of accidental explosions within or in close proximity to an
engineering structure often leads the engineer to consider the
actions of blast loading on the structure being designed. In the case
of reinforced concrete (RC) structures, such loading can lead to var-
ious failure modes, including flexure, direct shear and punching
shear. This paper is primarily concerned with the assessment of
the latter form of structural failure. A number of situations can
arise where blast loading can cause punching shear failure in a
RC structure, viz. explosions occurring close to a blast and fire pro-
tection panel or an explosion close to a RC slab within a framed
building, as shown in Fig. 1(a,b). For close-range blasts, a signifi-
cant concentration of the load occurs adjacent to the blast point;
the peak reflected pressures considered in this work variedbetween around 1 to 100 MPa. This load can result in the brittle
development of a punching shear plug (Fig. 1(c)) as observed
experimentally in [1–8] due to the impulsive behaviour described
in Section 2.
Many researchers have studied experimentally the damage of
RC slabs and panels of various dimensions when subjected to vary-
ing degrees of blast loading including Silva and Lu [3], Wang et al.
[4,5], Zhao and Chen [7], Castedo et al. [8], Schenker et al. [9] and
Fischer and Häring [10]. A number of researchers also studied the
effect of strengthening RC slabs with novel polymeric composite
materials (e.g. [1,2,11,12]). Empirically-based formulae have been
developed such as Eq. (1) in [13,14] in an attempt to assess
whether a RC element would be damaged or even breached when
subjected to a blast load. The assessment is done on the basis of the
element’s thickness, h, and the blast loading parameters, viz. the
mass of explosive material, W , and the stand-off distance between
the explosive and the target, S. Walley proposed that no breaching
would occur if:
h
W
1
3
P 0:03
S
W
1
3
 0:62
ð1Þ
Fig. 1. Blast loading on (a) RC walls, (b) slabs and (c) pressure envelope near the blast and punching shear plug.
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principally the fact that it is independent of the concrete compres-
sive strength, which intuitively is a strength parameter. UFC 3-340-
01 [15] proposes a similar relationship but accounting for concrete
strength, such that no breach would occur if:
h
S
P
1
aþ bWþ cW2 ð2Þ
in which a, b and c are constants andW is the spall parameter which
for bare, non-contact hemispherical surface charges is given by
W ¼ S
0:926f 0:266c
W0:353
ð3Þ
in which f c is the concrete compressive strength in [MPa], S is the
stand-off distance in [m] and W is in [kg]. Eqs. (2) and (3) were cal-
ibrated for tests with W between 0.055 and 1.5. Eqs. (1) and (2) are
applied in this work to estimate the level of damage and to compare
it with the predictions from the proposed model which only looks at
punching. Whilst simple, these formulae are purely empirical and
do not distinguish between breach and punching. As highlighted
in Silva and Lu [3] there is no analytical method of assessing the
occurrence of punching in RC structures subjected to blast loading.
The aim of this paper is the development of an analytical
approach based on punching under impulsive behaviour (refer to
Section 2). The proposed method consists of three steps: (1) defini-
tion of blast loading parameters, (2) assessment of the maximum
punching shear demand and (3) assessment of the dynamic punch-
ing capacity to compare it against the demand. An upper and lower
bound estimates of the demand and capacity are obtained respec-
tively during the blast load when punching can potentially occur.
The proposed approach is validated against existing experimental
data and it is also further supported by numerical simulations.
2. Punching shear under impulsive behaviour
This paper considers detonations with duration of a few mil-
liseconds or less which can be considered of short duration com-
pared to the occurrence of the natural (global) response of
structural elements. Such loads result in an impulsive behaviour
of the element with very small deflections at the time where the
overpressure reaches its maximum value. In such cases, spall and
breach of the panel can occur due to the compressive and tensile
transmitted shock waves in the concrete or alternatively a punch-
ing shear plug could develop. The formation of a punching shear
plug is primarily governed by the large punching shear forces
(demand) that can be estimated using local models considering
the overpressure and inertial forces acting in the element. On the
other hand, the assessment of the punching shear capacity canbe problematic in this case as most of punching formulae available
correspond to quasi-static loading in which the level of strains in
the concrete is not considered explicitly.
It is shown in this paper that strain-based punching capacity
models such as the Critical Shear Crack Theory (CSCT) from Mut-
toni [16] are suitable to address cases of impulsive behaviour.
According to the CSCT, the capacity is written as a function of
the deformation of the slab (slab rotation outside the punching
plug, h, shown in Fig. 2a) which is an indirect measure of the
strains in the concrete in relation with the opening of the critical
shear crack. Fig. 2b shows the failure criterion in [16] in which
the punching capacity increases for lower slab rotations. This rela-
tionship was derived analytically by means of a discrete crack
approach with defined kinematics and constitutive equations for
the stress transferred along the critical crack through aggregate
interlocking and tensile stress in the concrete. The failure criterion
for the concrete contribution can be adapted for high-strain rates
as shown in Micallef et al. [17] and it can be added to the contribu-
tion of shear reinforcement [18] or steel fibres in the concrete [19]
which also vary with h. Given some load-rotation response for a
particular slab system, the punching shear capacity, VR, and the
rotation at failure, hR, can be immediately established by the inter-
section of the two curves (Fig. 2b). This approach, which funda-
mentals were established in the 1980s by Muttoni [20], is the
basis of fib Model Code 2010 [21] formulae for punching.
As shown in Fig. 2b, the CSCT predicts a higher punching capac-
ity for cases with low rotations which is due to narrow cracks and
the significant contribution of concrete in tension. The CSCT pro-
vides reasonable predictions in the region of low rotations as
shown in slab tests subjected to localised impact loads with mod-
erate strain-rates investigated in [17] as well as static load tests of
slender slabs with very large flexural reinforcement ratios [16] and
compact footings [22] where the shear deformation component is
larger than the flexural one. Other approaches are available for
estimating the capacity in cases of low deformations such as limit
analysis [23], although the implementation of strain effects in the
concrete strength can be cumbersome.
In order to derive an analytical approach in this work, the vari-
ation of the punching capacity during the load duration is
neglected. A lower bound estimate of the capacity at the time of
failure is obtained using the CSCT with a dynamic rotation esti-
mated at the end of the applied load. The dynamic rotation is esti-
mated using a simple SDOF model with transformation factors to
take into account the impulsive response. For consistency, an
upper bound estimate of the punching shear demand is estimated
at failure; a free body diagram model is adopted for the local anal-
ysis of the shear forces. It is shown that for short load durations
these assumptions can provide reasonable and systematic predic-
tions of punching of existing test data.
Fig. 2. Influence of slab rotation on punching capacity according to CSCT: (a) slab rotation outside the plug for general impulsive and quasi-static behaviour and (b) failure
criterion for concrete contribution.
Fig. 3. Idealisation of blast load.
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The exact definition of the blast loading is complex since it
involves the study of high pressure shock waves travelling at
supersonic speeds impacting on finite targets. Theoretical and
numerical approaches exist providing a good insight of the prob-
lem, although they can be too complex to be used in design.
Empirically-derived relationships are often preferred in which
the blast load is simplified and defined mainly by three compo-
nents; viz. the loading duration, load magnitude (reflected over-
pressure) and the spatial distribution. These parameters can be
estimated using empirical expressions written primarily in terms
of the mass of explosive material, W in [kg of TNT], and the
stand-off distance between the explosive and the target, S in [m].
These two parameters are typically described by the scaled dis-
tance, Z, which is a scaling parameter so that two charges which
have identical scaled distances produce the same blast overpres-
sure. In this work, far-field explosions are excluded and only tests
with scale distances ranging from 0.2 m/kg1/3 to 1.5 m/kg1/3 are
investigated. Various scaling laws have been proposed but the
most commonly used is that defined in Hopkinson and Cranz
[24,25] as:
Z ¼ S
W
1
3
ð4Þ3.1. Blast wave simplification and load duration
An idealised blast wave typically has the form shown in Fig. 3
[14]. However, it is often simplified into a linearly decaying pulse
load of instantaneous rise to a maximum overpressure of P0 over
a duration of td, ignoring the negligible rise time and the negative
phase, as shown in Fig. 3. In the positive phase, the linearization of
the blast load is based on impulse equivalency to the Friedlander
curve. The duration of the positive phase, td, is given in [3] as
follows
log
td
W
1
3
 
 2:75þ 1:95 logðZÞ; Z 6 1 m=kg
1=3
2:75þ 0:27 logðZÞ; Z P 1 m=kg1=3
(
ð5Þ
The detonations considered in this work had a very short dura-
tion with td=T lower than 0.1 and relatively small scaled distances.
Therefore, neglecting the negative pressure phase in this caseresults in predictions of the total impulse which are conservative
when estimating the punching shear demand. This assumption
has also negligible effects on the predictions of the punching
capacity around the time of failure.3.2. Reflected overpressure
The peak incident overpressure, P0, is estimated in this work
according to the relationship proposed by Henrych [26] given by
Eq. (6). This expression gives reasonable correlation with experi-
mental data of spherical blast tests in the near-field (e.g.
Z < 1:0 m=kg1=3) using conventional high explosive materials as
shown in [27].
P0 ¼
14:072
Z þ 5:54Z2  0:357Z3 þ 0:00625Z4 bar; 0:05 6 Z½m=kg
1=3 6 0:3
6:194
Z  0:326Z2 þ 2:132Z3 bar; 0:3 6 Z½m=kg
1=3 6 1
0:662
Z þ 4:05Z2 þ 3:288Z3 bar; 1 6 Z½m=kg
1=3 6 10
8>><
>>:
ð6Þ
The reflected overpressure, Pr, is normally related to the peak
incident value using the reflection coefficient Cr ¼ Pr=P0. The lower
and upper limit of Cr are 2 and 8 respectively, which are well
known for shock waves in ideal fluids with infinite perfectly
reflecting surface and neglecting compressibility. In this work,
close-range detonations are considered leading to strong shocks
(P0  Ps0) and Cr can be up to 13 due to gas dissociation effects
[14]. Fig. 4 shows the reflection coefficient obtained in [15] for dif-
ferent peak overpressures ranging from 0.01 MPa to 35 MPa and
Fig. 4. Reflection coefficient for incidence angle 0: Eq. (7) vs. results from [15].
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case, Cr can be approximated by the following expression in terms
of the peak incident overpressure.
Cr ¼ 5:36P0:250 > 2 8P0½MPa ð7Þ
For strong shocks, Cr reduces as the angle of incidence increases
for angles lower than 40. This effect could be considered by reduc-
ing coefficients 5.36 and 0.25 in Eq. (7) almost linearly with
increasing the angle of incidence. However, considering this effect
will underestimate the pressure at points with an angle of inci-
dence above 40 where Mach reflection occurs. In order to obtain
a reasonable average prediction of the spatial distribution of pres-
sures for the entire specimen, a constant factor Cr was finally
adopted; the predictions of the spatial distribution obtained are
comparable to results from test data as shown in Section 3.3.Fig. 5. Pressure decay according to exponential approximation of (6) and (7): (a) obtaine
[34] with Z = 0.16, 0.26 and 0.76 m/kg1/3 respectively.Another aspect which can reduce the total impulse of the load is
the clearing effects due to the rarefaction wave propagation from
the boundaries of the target as shown in [28]. This phenomenon
which is relevant towards estimating blast pressures on columns
for example, is neglected in this work due to insufficient informa-
tion of boundary conditions of existing test data. Neglecting clear-
ing effects is consistent with the proposed methodology in this
work in providing an upper and lower bound estimates of the
demand and capacity respectively. For example, as shown in
[29], neglecting clearing effects for loads with very short duration,
the peak deflections obtained using a SDOF would be slightly over-
estimated which would be conservative in terms of estimating the
punching capacity according to the CSCT.3.3. Spatial distribution
For a blast wave impinging on a target (e.g. a RC slab) at a set
distance, the pressure values at various points on the target’s sur-
face will vary according to the distance between each point and the
loading source, SðrÞ, and the angle of incidence of the blast wave. In
this work, the blast pressure profile pðrÞ is estimated as the product
of P0ðrÞ times Cr using Eqs. (6) and (7) respectively with a scale dis-
tance ZðrÞ ¼ SðrÞ=W1=3 and SðrÞ ¼ ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
S2 þ r2
p
Þwhere 0 6 r 6 R and R
is the radius of the exposed surface of the target (i.e. slab) as shown
in Fig. 5(a). A constant value of Cr is adopted which is obtained
using (7) with P0ðr ¼ 0Þ from (6). For close-in detonations (near-
field range), and ignoring the size of the explosive, the pressure
will be of large magnitude immediately underneath the explosion
source and rapidly decay with distance away from the source
(Fig. 5(a)). The predicted reflected pressure will be almost constant
for points very close the centre due to the small variation of ZðrÞd profile in Test I-D [3] with Z = 0.22 m/kg1/3, (b), (c) and (d) comparison with tests
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points. Fig. 5(a) shows that the reflected pressure profile can be
approximated to an exponentially decaying function of the form
given by (8) which is common in practice ([30–33]). In this paper,
parameters a and Pr0 are obtained systematically from a least-
square exponential fitting of the results given by Eqs. (6) and (7)
for the range of r from 0 to R as shown in Fig. 5(a). Alternatively,
parameters a and Pr0 could be obtained empirically from pressure
measurements (if they were available), however this approach is
not practical for general cases in design and therefore it was not
adopted in this work.
pðrÞ ¼ Pr0ear ð8Þ
Parameters a and Pr0 were calculated systematically from (6)
and (7) for different detonations and slab geometries covering
cases where punching is uncertain with Z between 0.2 and
1.5 m/kg1/3 and S=R between 0.25 and 1.5; in such cases the two
blast parameters can be approximated as:
a ¼ ð3:5=RÞe1:7S=R ð9ÞFig. 6. Dynamic shear VdynðrÞ at control perimeter at a distance r from the centre.Pr0 ¼ 40Z2:5 ð10Þ
with Pr0 in [bar] and Z in [m/kg1/3]. These simplified expressions are
only valid for the specified ranges of Z and S=R; for alternative val-
ues, the parameters need to be obtained from a least-square fit
using (6) and (7). The use of an exponential approximation (8) is
practical for the derivation of analytical formulae to be used in
design. It can be seen that as a! 0, the loading profile approaches
that of a uniformly distributed load (UDL) of magnitude Pr0 while in
the limit as a!1, the load becomes more akin to a concentrated
point load. Punching is more likely to occur in cases with larger val-
ues of Pr0, a and aR.
The spatial distribution from the exponential approximation
was verified using test data from Tyas et al. [34] on near-field
spherical PETN explosive blasts and Z varying from 0.15 to
0.75 m/kg1/3. Fig. 5 shows that the reflected pressure and the load
decay predicted is comparable to the average values observed
experimentally at different offset points. The predicted reflected
pressure values at the centre, Pr0, were within 15% difference of
the test values and parameter a was within 30%. The predictions
from the exponential approximation are less accurate for
Z > 0.7 m/kg1/3 near the mid-field range as shown in Fig. 5(d),
however this is not critical since punching is less likely to occur
in such cases due to the low values of Pr0, a and aR. It is worth not-
ing that the experimental average values of pressures given in
Fig. 5 have a very large dispersion between measurements at
points with the same offset (up to 450%) due to irregularities in
the fireball [34]. However, Tyas et al. [34] also recognize that the
average values reported are representative of nominally identical
tests.
The proposed simplified exponential expression provides suffi-
cient accuracy in order to assess punching failure correctly as
shown in Section 6. Alternative analytical and numerical tools
could be adopted for modelling the blast load in order to obtain
refined values of a and Pr0. For example, refined predictions of
the impulse could be obtained using clearing correction models
as shown experimentally in [35]. Tyas et al. [34] obtained reason-
able predictions of the peak normally reflected pressures of their
tests using ConWep in LS-Dyna [15,36]. The post-peak and total
impulse was however influenced by clearing effects so the impulse
was overestimated in some cases. In this paper, ConWep was
applied in the FE models described in Section 7 used to further ver-
ify the proposed punching assessment method.4. Maximum punching shear demand
4.1. Analysis of local shear forces
Some established procedures for analysis and design of blast
resistant components (e.g. [37]) recommend using a simplified
approach in which the structural member is analysed under blast
pressures only. Whilst simple, this approach can be rather conser-
vative [37] and therefore in this work the blast pressures and
inertial forces were considered to assess the shear demand using
a local model as shown in Fig. 6. The dynamic shear demand was
estimated at different control perimeters, considering the blast
pressure pðtÞ and inertial forces iðtÞ within the control perimeter
in the free body diagram as shown schematically in Fig. 6. An
upper bound estimate of the punching shear demand for close-
in detonations can be estimated by assuming a time t ! 0 and
ignoring the arrival time of the blast wave at each point. The
envelope of the peak reflected blast pressures is defined by the
exponential approximation given by Eqs. (8)–(10). The inertial
forces were estimated from the dynamic reactions and deformed
shape of the member assuming elastic deformations which is jus-
tifiable for impulsive behaviour (small deflections at punching
failure).
The body force diagram in Fig. 6 is a simplified model proposed
to estimate the maximum shear demand and its corresponding
distance from the centre to assess punching. It is worth noting that
the estimated distance at which the maximum shear demand
takes place is only a reference distance at which the shear stresses
are checked. This distance has no specific physical meaning and it
does not necessarily correspond to the location of the punching
cone.
The dynamic shear demand VdynðrÞ at a control perimeter at a
distance r from the centre and t ! td ! 0 can be estimated from
Fig. 6 as:
VdynðrÞ ¼ kPðrÞP  kIðrÞI ð11Þ
where kPðrÞ and kIðrÞ are the fractions of the total pressure load P
and inertial load I respectively at a distance r from the centre so that
kðr ¼ RÞ ¼ 1. These two factors depend on the shape of the distribu-
tion of blast pressures pðtÞ and inertial forces iðtÞ. The total pressure
load acting on the target covering an area of radius R from Eq. (8) is:
P ¼
Z R
0
2prpðrÞdr ¼ 2pPr0ð1 e
aRfaRþ 1gÞ
a2
ð12Þ
and the corresponding fraction of the total pressure load at a dis-
tance r is:
kPðrÞ ¼ 1 e
arðar þ 1Þ
1 eaRðaRþ 1Þ ð13Þ
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The distribution of the inertial forces follows the assumed
deflected shape of the slab which is given by the shape function
uðxÞ. For relatively low values of r, uðxÞ can be approximated using
a parabolic relationship for simply supported slabs or even for
slabs fixed at the edges. This assumption was found to have a very
small effect on the predicted dynamic shear demand compared to
using more complex functions of uðxÞ. Tests investigated in this
paper correspond to slabs supported at two ends, in this case
adopting a parabolic prismatic surface for the distribution of iðtÞ
results in expression (14) which also satisfies kIðr ¼ RÞ ¼ 1. Eq.
(14) is the fraction between the volumes of a parabolic prism
and a truncated one (shown in Fig. 6) with a square base (in plan
view) with the same area as a circle with a radius equal to r.
kIðrÞ ¼ 1212 p
 
r
R
 2
1 p
12
ðr
R
Þ
2
 
 1:36ðr=RÞ2  0:36ðr=RÞ4
ð14Þ
For slabs which are supported on four edges or situations with
axisymmetric global deformations, a paraboloid surface could be
assumed for the calculation of parameter kIðrÞ.
As described in [38], the total inertial force I depends on the
load P and the summation of the dynamic reactions at the sup-
ports. The dynamic reaction is normally expressed in the form of
Vdyn;reaction ¼ KReRe þ KPP where Re and P are the resistance and total
load respectively. The coefficients KRe and KP are normally given in
tables in the literature (e.g. [38]) for different boundary conditions
and types of loads (e.g. UDL and point load). For t ! 0 the deforma-
tions are small and Re is negligible (i.e. Vdyn;reaction  KPP). Thus the
total inertial force is:
I ¼ P 
X
KPP ð15Þ
where
P
KPP is the sum of all the dynamic reactions which is lim-
ited to the ultimate dynamic resistance of the structural response.
Coefficient KP is derived from imposing dynamic equilibrium in a
free body diagram considering the applied force and inertial forces
which vary over time [38]. The predictions of KP for an exponen-
tially decaying load are summarised in Fig. 7 which are consistent
with [38] for a UDL and point load cases by taking extreme values
of aR (c.f. KP ¼ 0:11 and 0.28 for a simply supported beam with
UDL and point load respectively and KP ¼ 0:14 and 0.21 for a
fixed-fixed beam with UDL and point load respectively).
As shown in Fig. 7, KP is positive for a UDL (upward reactions)
and negative for a point load (downward reactions) and the transi-Fig. 7. Derived dynamic reaction coefficient Kp IN a one-way member with an
exponentially decaying load.tion where KP ¼ 0 is for values of between around 0.5 and 4. This is
interesting since most of practical examples and experimental data
investigated in this paper are within this range of values of aR. In
such cases
P
KP  0 and the dynamic reaction is zero or close to
zero. Moreover, in these cases I  P and Eq. (11) can be simplified
as follows:
VdynðrÞ ¼ ðkPðrÞ  kIðrÞÞP ð16Þ
For general cases of boundary conditions and values of aR in
which the dynamic reactions are not negligible, Eq. (16) is not
applicable and general expression (11) should be adopted.
4.1.2. Normalised shear demand at a distance r from the centre
In order to apply the CSCT, the shear demand is normalised by
dividing the shear force by the product of the length of the control
perimeter ðb0 ¼ 2prÞ, the effective depth d and
ﬃﬃﬃﬃ
f c
p
. The nor-
malised punching shear demand is obtained from Eqs. (11), (12)
and (15) which gives:
VdynðrÞ
b0d
ﬃﬃﬃﬃ
f c
p ¼ Pr0ð1 eaRðaRþ 1ÞÞ
a2d
ﬃﬃﬃﬃ
f c
p  kPðrÞ  kIðrÞð1
X
KPÞ
r
ð17Þ
This general expression, or a simplified one with
P
KP  0,
gives the distribution of shear demand along r and it can be used
to calculate the maximum normalised shear demand and the cor-
responding control perimeter to check whether the punching shear
capacity is exceeded.
4.2. Simplified equation for maximum normalised shear demand
Expression (17) is general although several simplifications can
be made for practical cases of blast loading (aR = 0.7–3). In such
cases, the maximum normalised shear demand can be linearized
according to the following expression:
Vmax;dyn
b0d
ﬃﬃﬃﬃ
f c
p ¼ nPr0
d
ﬃﬃﬃﬃ
f c
p ð18Þ
where n ¼ 11000a ð65aR 46Þ in [m]; term nPr0 has units of shear force
per unit length. Eq. (18) was derived numerically by finding the
maximum demand from (17) and adopting different values of a
and aR within the region r/R = 0–1. Fig. 8(a) shows the results from
this analysis; it is shown that parameter n is linear for the range of
interest (aR = 0.7–3). Fig. 8(a) also shows that for low values of aR
(e.g. aR < 0:7), corresponding roughly to cases where S=R > 1
according to (9), the load is fairly uniform and punching is unlikely
to occur as observed experimentally (refer to Section 6.2). For val-
ues of aR > 3, n is non-linear (Fig. 8(a)) and a more refined predic-
tion of the dynamic reactions ðPKPÞ is needed according to Fig. 7.
For extremely large values of aR (between around 30–40), n tends
to a constant value of 0:3=a (a in [m]) although such type of loading
is very difficult to achieve in practice.
Evaluating (17) also showed that the maximum normalised
shear takes place at a control perimeter at a distance rmax which
is within a maximum distance from the centre equal to 0:35R as
shown in Fig. 8(b). The exact location of the control perimeter
can be estimated using the following parabolic approximation
which is valid for values of aR = 0.7–2 (Fig. 8(b)).
rmax=R ¼ 0:24ðaRÞ2 þ 0:77aR 0:26 > 0 ð19Þ
Fig. 8(b) also shows that for cases where aR > 2 there is a decay
of rmax where the maximum normalised shear is found from 0:35R
towards zero. This means that the maximum shear demand will
occur at r ! 0 for the asymptotic case of the load being concen-
trated at the centre.
Fig. 8. Maximum shear demand obtained from (17): (a) numerical solution and linear approximation (18) for n and (b) location of control perimeter corresponding to the
maximum shear demand.
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5.1. Influence of strain-rate and inertial effects on punching capacity
A fundamental characteristic of the CSCT is that the punching
capacity is related to the slab rotation which is proportional to
the opening of the shear crack which is an indirect measure of
the strains in the concrete at failure. For design purposes, a failure
criterion, Eq. (20), was proposed by Muttoni [16] for the concrete
contribution as shown in Fig. 2(b):
VR
b0d
ﬃﬃﬃﬃ
f c
p ¼ 0:75
1þ 15hddg0þdg
ð20Þ
in SI units [MPa, mm], where h is the slab rotation outside the fail-
ure region (Fig. 2(a)) using standard notation in blast literature (also
known as w in punching shear literature e.g. [16,21]), VR is the
punching capacity, d is the effective depth, b0 is the control perime-
ter, dg is the maximum aggregate size, dg0 is a reference aggregate
size taken as 16 mm.
Eq. (20) can be applied to impulsive cases to consider inertial
and strain-rate effects as shown in Micallef et al. [17]. The punch-
ing capacity increases with strain-rate due to the increase in mate-
rial strength with loading rate, viz., aggregate interlock and
residual tensile strength. This leads to a modest increase in the
punching capacity (7%) at low to medium strain-rates of up to
around 10/s, with more significant increases (over 30% and up to
70%) at strain-rate in excess of 100/s. Unless a more sophisticated
analysis is carried out, the strength enhancement can be taken into
account by replacing the coefficient 0.75 in (20) by 0.8 for _e ¼ 10/s,
1 for _e ¼ 100/s and 1.3 for _e ¼ 300/s or using linear interpolation
for intermediate values of _e. In this work, the strain-rates of blast
loaded tests were estimated according to American UFC 3-340-02
[36], formula _e ¼ 0:002=td. For the tests shown in Section 6.2 the
strain-rate varied from 1 to 15/s, suggesting that the shear
enhancement due to strain-rate is negligible in most cases; this
effect was neglected in subsequent calculations using the CSCT
achieving a reasonable lower bound estimate of the capacity.
Regarding inertial effects, these are shown to have a large influ-
ence on the punching shear demand as discussed in Section 4. The
inertial effects also influence the punching capacity due to the
impulsive behaviour (small deflections) and high punching capac-
ity at the time of maximum blast pressures. As described in Sec-
tion 2, considering cases of very short load durations and
ignoring the variation of punching capacity during the blast load,
a reasonable lower bound estimate of the capacity at failure can
be obtained by adopting a small value of the dynamic rotation
hdyn corresponding to the deformation of the slab at t ¼ td. The
dynamic punching capacity can be obtained by substituting theestimated dynamic rotation hdyn into Eq. (20) as shown in Fig. 2
(b). The dynamic rotation at td can be estimated from first princi-
ples using a SDOF model as shown in the following section.
5.2. Dynamic slab rotation at the end of the blast load
An equivalent linear-elastic SDOF is developed for impulsive
cases in order to derive an analytical expression for hdyn at the
end of the blast load (t ¼ td). Considerable work has been carried
out in the past on the global response of blast-loaded RC slabs
and panels using simplified single-degree-of-freedom (SDOF) mod-
els (e.g. Morrison [39], Fischer and Häring [10], Silva and Lu [1–3],
El-Dakhakhni et al. [40], Stochino and Carta [41]). This approach is
well established and it is recognized in modern codes of practice
for design (e.g. UFC 3-340-02 [36]). The advantage of using such
models is that these provide a quick and relatively simple evalua-
tion of the structure’s response, with a theoretically sound transi-
tion from static to dynamic loading scenarios. One drawback of this
approach is that for modelling realistic structures with distributed
mass and loading, it is often necessary to convert the continuum
into an equivalent SDOF by means of adequate transformation fac-
tors [38]. A multiple-degree-of-freedom (MDOF) or a continuous
system can be converted into an equivalent lumped mass SDOF
model by means of mass, stiffness and load transformation factors
which are given in the literature for beam and slab systems with
different types of load and boundary conditions. The equation of
motion describing the transformed (undamped) system of (total)
mass m and stiffness k subjected to a load pðtÞ can be written as:
KLMm€uþ ku ¼ pðtÞ ð21Þ
where KLM is the load-mass transformation factor given by:
KLM ¼ KM=KL ð22Þ
where the mass and load transformation factors are given respec-
tively by:
KM ¼
R L
0 mðxÞu2ðxÞdxR L
0 mðxÞdx
ð23Þ
KL ¼
R L
0 PðxÞuðxÞdxR L
0 PðxÞdx
ð24Þ
where uðxÞ is the shape function corresponding to the exponential
load (8); the shape function is given in Appendix A , Eq. (A.2) for the
elastic range. The shape functions corresponding to a point load,
UDL and intermediate cases of exponentially decaying load with
different values of aR are similar in the elastic and plastic ranges.
Fig. 9 shows the transformation factor obtained according to Eqs.
Fig. 9. Variation with aR of transformation factors for a simply-supported 1-way
structure.
Fig. 10. Effect of dynamic load factor approximation.
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nentially decaying load for a simply-supported 1-way element for
different values of aR. As expected, there is little variation of KM
with loading distribution, i.e. KM  0:58aR. On the other hand, KL
and KLM vary with aR (KLM  0:78 as aR! 0 and KLM ! 0:5 as
aR!1). These results are consistent with transformation factors
for a UDL and point load respectively found in the literature [38].
The variation of KLM with aR follows a logarithmic relationship
KLM  0:06 lnðaRÞ þ 0:66 as shown in Fig. 9. A conservative esti-
mate of the dynamic response may be gained by using the point
load result KLM  0:5, which would mobilise less mass and thus is
more conservative for a shock-fronted pulse. A similar procedure
for alternative boundary conditions and load-sharing mechanisms
(e.g. 2-way action) can provide corresponding values of KL, KM
and KLM; alternatively the values for UDL and point load cases can
be obtained from literature (e.g. [38]).
The response can be readily evaluated by solving the equation
of motion (21) using a numerical method (e.g. Euler method) for
the slab’s displacement u. In a general case of loading, the response
of the system would be non-linear due to cracking of concrete and
yielding of the reinforcement. In general, the response can be
approximated to a parabolic relationship P / bu2=3 using the
load-rotation relationship proposed in fib Model Code 2010 [21]
where b is the slab stiffness parameter of the non-linear SDOF
given in Appendix B (Eq. (B.5)). In impulsive cases, the response
of the slab at t ¼ td is still in its linear-elastic regime and therefore
and equivalent linear-elastic SDOF system would give the same
response as the non-linear one. This assumption allows significant
simplifications. An equivalent linear system can be obtained with
an equivalent stiffness ke which can be derived from equivalence
of strain energy between the systems (Appendix B, Eq. (B.7)). The
dynamic displacement is a function of the static value through
the dynamic load factor (DLF) as shown
udyn ¼ DLF  ustatic ¼ DLF  Pke ð25Þ
For an undamped system subjected to a linearly decaying pulse
load of duration td, it can easily be shown [38] that the DLF in the
interval 0 6 t 6 td given by:
DLF ¼ 1 t
td
 cos 2pt
T
þ T
2ptd
sin
2pt
T
ð26Þ
where T is the natural period of the equivalent linear SDOF system
is given by
T ¼ 2p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
KLMm
ke
s
ð27ÞAlthough the effect of damping is to decrease the DLF, it can be
shown that it has negligible effect in the early-time response, par-
ticularly for low damping values (f  5%) for most building struc-
tures. Thus, the expression (26) will be used. Evaluating (26) at the
time of interest, t ¼ td, then the DLF is:
DLFt¼td ¼  cos
2ptd
T
þ T
2ptd
sin
2ptd
T
ð28Þ
It is generally accepted that for triangular load pulses with
ðtd=TÞK0:25, the load can be described as impulsive (e.g.
[42,43]). Some references (e.g. [14]) suggest a lower limit value
of ðtd=TÞK0:10 for the boundary between impulsive and dynamic
behaviour. Fig. 10 shows that for ðtd=TÞK0:25 the DLF may be
approximated with little loss of accuracy by:
DLFt¼td 
1
3
2ptd
T
 2
¼ 4p
2
3
td
T
 2
 13:2ðtd=TÞ2 ð29Þ
The maximum displacement can be found by substituting Eqs.
(27) and (29) into (25) resulting into Eq. (30) which is independent
of the stiffness of the system.
udyn ¼ Pt
2
d
3KLMm
ð30Þ
Eq. (30), which is only valid for impulsive cases, gives almost
identical predictions of the deflection to using a full non-linear
SDOF model. Table 1 shows this comparison for three tests from
the literature [3,5] which are further discussed in Section 7.2. In
all cases, it is seen that the loading scenario is impulsive,
ðtd=TÞ  0:25. In order to estimate T using Eq. (27), ke needs to
be assessed according to Appendix B (B.7) with ue from (30). This
check is not generally required for the short duration close-in det-
onations investigated in this work.
The dynamic slab rotation hdyn can be obtained from the
dynamic deflection udyn assuming a compatibility condition
between both; for simply supported slabs or low fixity at the sup-
ports and small impulsive deformations due to blast it can be
assumed that hdyn  udyn=R. This assumption was further verified
using numerical FE models as shown in Section 7.2. The slab rota-
tion considered in Eq. (20) corresponds to the radial direction of
spanning in slabs supported on two edges; in slabs supported on
four sides or different configurations, the radial direction leading
to the maximum rotation needs to be considered [44].
In summary, the dynamic rotation hdyn at t ¼ td is obtained from
(30) and (12) resulting in:
hdyn ¼ 2:1  ð1 eaRðaRþ 1ÞÞ  Pr0RKLMm
 
 td
aR
 2
ð31Þ
Table 1
Comparison of non-linear general SDOF model with equivalent linear-elastic SDOF
model.
Test u(t = td) with SDOF T Eq. (27) [s] tdT
Non-linear
Eq. (21) [mm]
Linear-elastic
Eq. (30) [mm]
I-A [3] 5.67 5.63 0.099 0.013
I-D [3] 2.29 2.30 0.080 0.016
IV [5] 7.22 7.13 0.114 0.003
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which is independent of the stiffness, is significantly lower than
those observed in quasi-static tests. The predictions were further
validated using numerical FE models (Section 7). The terms
involved in expression (31) are critical to define the impulsive
response of the slab. The first term is an exponential relationship
which varies with the level of load concentration aR (i.e. this term
increases as the load concentrates towards the centre of the slab).
The second term in (31) is linear and is an inertial acceleration
term (in [T2]) which depends on the peak normally reflected pres-
sure ðPr0Þ and the mass slenderness ðKLMm=RÞ (i.e. slender slabs
with low mass result in larger slab deformations). The third term
in (31) is quadratic and is a loading term (in [T2]) which is a func-
tion of the impulse and load concentration.6. Validation with experimental results
6.1. Review of basic parameters involved
The incidence of punching can be assessed analytically using
the proposed approach based on the lower bound estimate of the
punching capacity in the interval 0 6 t 6 td from Eqs. (20) andTable 2
Summary of experimental data (Note*: capacity according to (20) and (31), material streng
be 8 mm in all tests).
Test Size L h [mm] q [%] S=R [–] Z [m/kg1/3] a [1/m] Eq. (9)
Wang et al. 2013 [5]; f c ¼ 49:4MPa and f y ¼ 600MPa
I 1000–40 1.43 0.80 0.68 1.8
II 1000–40 1.43 0.80 0.59 1.8
III 1000–40 1.43 0.80 0.52 1.8
IV 1000–40 1.43 0.80 0.49 1.8
Wang et al. 2012 [4]; f c ¼ 49:4MPa and f y ¼ 600MPa
A 750–30 1.43 0.80 0.59 2.4
B 750–30 1.43 0.80 0.52 2.4
E 1250–50 1.43 0.80 0.58 1.4
F 1250–50 1.43 0.80 0.51 1.4
Silva et al. 2009 [3]; f c ¼ 27:6MPa and f y ¼ 414MPa
I-A 1048–90 0.50 1.72 1.28 0.4
II-A 1048–90 0.18 1.72 1.44 0.4
I-B 1048–90 0.50 1.72 1.04 0.4
II-B 1048–90 0.18 1.72 1.17 0.4
I-C 1048–90 0.50 0.57 0.25 2.5
II-C 1048–90 0.18 0.57 0.32 2.5
I-D 1048–90 0.50 0.57 0.22 2.5
II-D 1048–90 0.18 0.57 0.28 2.5
Silva et al. 2007 [2]; f c ¼ 27:6MPa and f y ¼ 414MPa
1 1048–90 0.18 1.72 1.22 0.4
2 1048–90 0.18 0.57 0.32 2.5
Castedo et al. 2015 [8]; f c ¼ 25MPa and f y ¼ 500MPa
S1, S2, S3 4000–1460–150 0.77 1.37 0.79 0.5
S4 4000–1460–150 0.78 1.37 0.41 0.5
S5 4000–1460–150 0.7 0.68 0.20 1.5(31) and the upper bound estimate of the punching shear demand
from the general and simplified expressions (17) and (18) respec-
tively. The main parameters involved in these equations are Pr0,
a, aR, td, m,
ﬃﬃﬃﬃ
f c
p
and dg . Considering the definition of the blast load
from Eqs. (4), (5), (9) and (10), the previous parameters are all
function of basic terms defining the charge (S and W), defining
the geometry of the specimen (R and d) and defining the type of
concrete (m,
ﬃﬃﬃﬃ
f c
p
and dg). This observation is fairly consistent with
parameters found in empirical formulae for estimating level of
damage presented in Section 1. The proposed approach offers a
more refined definition of the material properties affecting the
behaviour (i.e. density of the concrete affecting the mass and size
of aggregate for different types of concrete). The proposed
approach also includes explicitly the size of the specimen which
can influence punching (e.g. tests with S R the load is almost
uniformly distributed and hence punching is unlikely to occur as
shown in Section 6.2).
6.2. Comparison with experimental database
The proposed approach was applied to twenty-one tests found
in the literature [2–5,8] shown in Table 2, covering a wide range
of slab sizes, reinforcement ratios and blast loadings of varying
scaled distances (Z from 0.2 to 1.44 m/kg1/3 and S=R from 0.57 to
1.72). The slabs were simply supported at two edges with anchored
supports to prevent lifting of the slab. Fig. 11 shows the results of
the normalised shear demand (17) and rotation (31) obtained in
each test. The normalised rotations are significantly lower than
in quasi-static cases where the values range from 0.1 to 0.3 [16].
The proposed method correctly predicts punching (or otherwise)
in 90% of the cases considered. Table 2 shows that similar results
are obtained using simplified expression (18) for estimating the
shear demand. The results are consistent with damage predictions
using (2) (failure is predicted correctly in 90% of the cases)th enhancement due to strain-rates is not considered in the analysis; dg is assumed to
Pr0 [bar] Eq. (10) _e [1/s] [36] Dem./Cap.(*) Punching observed?
Eq. (17) Eq. (18)
103 4.0 0.69 0.64 No
149 4.6 1.00 0.94 No
207 5.3 1.39 1.32 Yes
240 5.6 1.61 1.54 Yes
148 6.2 0.77 0.70 No
203 7.0 1.05 0.97 No
156 3.8 1.00 0.94 No
215 4.3 1.39 1.31 Yes
21 1.5 0.12 NA No
16 1.6 0.04 NA No
36 1.3 0.17 NA No
27 1.4 0.05 NA No
1255 13.9 9.45 9.69 Yes
704 11.1 5.21 5.35 Yes
1676 15.5 12.73 13.07 Yes
938 13.1 5.25 7.18 Yes
24 1.3 0.05 NA No
673 1.1 4.97 5.11 Yes
71 1.4 0.29 NA No
382 2.7 0.35 NA No
2161 10.2 10.52 6.34 Yes
Fig. 11. Failure criterion, Eq. (20), and test data (normalised dynamic rotation vs. maximum shear demand).
186 J. Sagaseta et al. / Engineering Structures 147 (2017) 177–194although parameter W is larger than 1.5 in most tests which falls
outside the range of application of the formula in [36].
Figs. 11 and 12 show that the variation in punching shear
capacity according to the proposed approach, which is influenced
by the overall structural response, is significantly small compared
to the large variations in demand. This is clear in the analysis of
tests from Wang et al. [5] in which the mass of the explosive
was increased systematically from 0.2 kg to 0.55 kg of TNT with a
constant stand-off distance. In these tests, the predicted punching
capacity varied from 0.63
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MPa
p
to 0.61
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MPa
p
. with increasing W
due to almost identical predicted deformations at td, whereas the
maximum punching demand varied from 0.44
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MPa
p
to 1.0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MPa
p
. It can be concluded that the influence of the overall struc-
tural response on the incidence of punching according to the model
is negligible. This is consistent with findings from localised impact
load hybrid models which consider local and global behaviour (e.g.
[17,45]). Whilst the influence of the structural response on punch-
ing is small, the assessment of hdyn is relevant in the proposed
approach towards obtaining realistic predictions of the capacity
at the time of failure. This is further supported in Section 6.3 in
which the results are compared using different existing formulae
for punching.Fig. 12. Normalised punching shear demand (17) vs. normalised punching shear
capacity obtained for the tests in Table 2 using fomulae from EC2[47], ACI 318-11
[46] and proposed approach, Eqs. (20) and (31) based on the CSCT.The variations in the maximum demand according to the pro-
posed model are influenced mainly by S=R and Z which affect
parameters a, aR and Pr0. Fig. 11 shows that in tests with
S=R 1 and Z > 1 m/kg1/3 the load is almost uniform and punch-
ing is not critical whereas for S=R 1 with small stand-off dis-
tances punching occurs for different charges. The proposed
model is particularly useful to assess punching in cases with
S=R  1 with Z < 1 m/kg1/3.6.3. Comparison using capacity formulae from codes ACI 318-11 [46]
and EC2 [47]
A similar comparison between the demand and capacity pre-
dicted in the tests shown in Table 2 was carried out using different
punching shear capacity equations in ACI [46] and Eurocode 2 –
EC2 [47] codes (refer to Appendix C). Fig. 12 summarises the
results from this analysis; points above the dashed line are pre-
dicted to fail in punching and empty symbols represent tests in
which punching was observed. Fig. 12 shows that ACI and EC2 for-
mulae predict punching in many tests where this type of failure
was not observed, which suggests that the capacity is underesti-
mated. This is somewhat expected since these formulae were cal-
ibrated using quasi-static loading tests failing at large
deformations (i.e. lower capacity). The contribution of each param-
eter in the EC2 formula cannot be extrapolated directly to impul-
sive cases. For instance, it is questionable in impulsive behaviour,
whether the reinforcement ratio has the same influence on punch-
ing as in quasi-static loading. ACI and EC2 formulae provided cor-
rect predictions of punching failure only in tests with very large
blast loads (e.g. I-D, II-D[3]) in which the maximum shear demand
was considerably larger than the capacity (e.g. Vmax;dyn=VR > 2 or 3).
In such cases, the accuracy in the estimation of the punching
capacity becomes less relevant towards assessing punching failure.
This is the case of six tests from Table 2 with demands above 3ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MPa
p
which are not shown in Fig. 12 for clarity; in this case
punching failure was predicted by the three approaches as
observed experimentally.7. Numerical simulations
The predictions from the analytical model were compared with
numerical results obtained from explicit FE models using shell and
solid elements as shown in Fig. 13. A preliminary FE mesh density
sensitivity analysis was carried out and it was concluded to adopt a
(a) (b)
4 mm gap
Fig. 13. FE models carried out by the authors of tests fromWang et al. [5]: (a) FE models using shell elements and (b) FE models using solid elements (only one quarter of the
slab was modelled due to symmetry).
Fig. 14. Damage in tests with punching (adapted from [3,5]) (a) Test I-D front, (b) and (c) Test IV back and front.
J. Sagaseta et al. / Engineering Structures 147 (2017) 177–194 187relatively fine mesh using symmetry simplifications as shown in
Fig. 13. FE models with shell elements were used to analyse tests
in order to refine the predictions of hdyn to be used in (20) and also
to predict the dynamic shear demand. FE models with solid ele-
ments were used to obtain additional information regarding time
of failure, crack development and additional damage. The advan-
tage of the FE models over the analytical formulae is that the for-
mer considers the variation of the dynamic reactions over time
and the influence of arrival time and radial propagation of blast.
The FE models were also used to verify the effect of strain-rate
and the influence of flexural reinforcement ratio on punching fail-
ure. The numerical studies were helpful due to the limitations of
experiments to address some of these issues. The FE models were
validated beforehand [48] against existing experimental data of
simply supported slabs with different blast detonations from [2–
5]. The residual deflections of tests [5] obtained from the FE models
were comparable to measured reported values; test I and II
(Table 2) had residual deflections of 15 mm and 35 mm respec-
tively and the FE models predicted 17 mm and 38 mm. Deflections
predicted by FE models with shell and solid elements provided
similar results (e.g. Fig. 15(c)).7.1. Description of FE models with shell & solid elements
The FE analyses were carried out using LS-Dyna and Matlab
for the post-processing. The blast load was modelled using Con-
Wep which provided comparable pressure values to the expo-
nential approximation (refer to Section 7.2.2). The analyses were
carried out in the time domain with the explicit solver method
which allows taking into account material non-linear behaviour.
The damaged plasticity model with smeared cracking was adopted
in LS-Dyna. The strength of the concrete and steel adopted are
given in Table 2; the tensile strength and Young modulus of con-
crete are obtained from f c using Eurocode 2 [47]. The shell ele-
ments used were quadrangular Hughes-Liu elements in which
the composite reinforced concrete section was modelled by a fibre
analysis (see for example [49,50]). The section of the shell consists
of a series of fibres or layers with different material properties; two
material types were defined in LS-Dyna, one for the concrete
fibres and one for the smeared combination of concrete and rein-
forcement. The constitutive material model for the concrete was
based on the uniaxial behaviour with plastic stress-strain relation-
ship, linear tension softening (as a function of the fracture energy)
Fig. 15. Time history of deflections and crack development (back face) using FE
with solid elements: (a) Test I-A [3], (b) Test I-D [3] and (c) Test IV [5]. (Note:
deflections at the back face are identical at centre and h/2 from centre).
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ture energy in tension was estimated from the compression
strength and aggregate size according to [52]. The solid elements
used in this work were eight-noded elements with reduced inte-
gration. Hughes-Liu beam elements were used for the reinforce-
ment which are embedded in the concrete elements assuming
perfect bond between the two. The concrete was modelled in this
case using the Continuous Surface Cap Model (CSCM) which
assumes an elastic behaviour until yielding, after which the soften-
ing in compression and in tension are governed by the damage
parameters in terms of the cumulative plastic strains. This model
had been validated beforehand for blast tests of precast concrete
cladding walls [48]. The hourglass control type of Flanagan-
Belytschko with stiffness form is utilized in order to prevent hour-
glass deformations (hourglass coefficient of 0.025). The material
model for the reinforcement steel assumed a bilinear stress-
strain relationship in all models. Material strength enhancementdue to strain-rate effects in concrete and steel was taken into
account in the FE models (refer to Section 7.3).
7.2. Comparison between numerical and analytical predictions
Three tests were selected from Table 2 to compare the analyti-
cal and numerical approaches:
	 Test I-A [3] with S=R ¼ 1:72 and Z ¼ 1:28 m/kg1/3 – No punching
failure
	 Test I-D [3] with S=R ¼ 0:57 and Z ¼ 0:28 m/kg1/3– Punching
failure
	 Test IV [5] with S=R ¼ 0:80 and Z ¼ 0:49 m/kg1/3– Punching
failure
The three tests selected are a good representation of the data
base in Table 2. Each test belongs to each one of the three groups
shown in Fig. 11 according to their S=R and Z values; the first
two tests are extremes and the third case is intermediate. The three
specimens showed residual flexural deflections at the end of the
test. Punching was observed in tests I-D and IV as shown in
Fig. 14 and significant damage developed in Test I-D combining
post-punching and spalling.
7.2.1. Predictions of type of failure with FE models with solid elements
The numerical predictions of type of failure from the FE models
with solid elements were consistent with experimental evidence.
Fig. 15(a) and (b) show the two extreme cases selected, test I-A
with only some small deflections and flexural damage (no punch-
ing) and test I-D with punching at t  td and extensive damage
developed at peak deflections. The development of punching in
test I-D is clearly visible in Fig. 15(b) by the large difference in
the deflections obtained at two nodes above and below the punch-
ing plug corresponding to the back and front side of the slab at
mid-span section and a distance h/2 from the centre. The develop-
ment of punching in test IV (intermediate case) is not evident from
the deflections shown in Fig. 15(c), although the crack develop-
ment predicted in the back face indicated punching. A further
study of the vertical uniaxial strain across the thickness of the slab
at different points in the FE model suggested that a diagonal shear
crack had developed (average tensile strains were observed to
increase from t  td until peak ranging from 0.2 ‰ to 2.5 ‰). A
similar analysis of the vertical strains in the FE model of test I-A
confirmed that shear cracking had not occurred.
7.2.2. Comparison between results from proposed formulae and FE
with shell elements
In this section, the prediction of the blast parameters, punching
demand and capacity using the proposed analytical approach is
discussed for the three tests selected and compared with results
from FE models with shell elements. It is shown that consistent
predictions of punching are obtained for the three cases selected
using the different levels of refinement in the calculation of the
punching demand and capacity.
Regarding the blast load parameters, the slabs in tests I-A and I-
D from [3] were identical (1048  1048  90 mm slab with
q = 0.5%) and the main difference was the stand-off distance and
explosive charge which were 900 mm and 0.35 kg of TNT in the
first one and 300 mm and 2.39 kg of TNT in the second one. This
results in an estimated blast load distribution according to Sec-
tion 3 equal to PðrÞ ¼ 21:5e0:36r bar with td ¼ 1:34 ms and
PðrÞ ¼ 1676e2:52r bar and td ¼ 0:13 ms for tests I-A and I-D respec-
tively. The concentration load factor aRwas 0.2 and 1.32 in I-A and
I-D respectively; the first value corresponds to an almost uniformly
distributed load. Intermediate test IV from [5] had an explosive
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to PðrÞ ¼ 240e2:80r bar with td ¼ 0:36 ms and aR ¼ 0:9. ConWep
predictions of peak reflected pressure and time duration in tests
I-A and I-D were 26 bar with 1.1 ms and 1377 bar with 0.23 ms
respectively which are similar to estimated values.
The punching shear demand was obtained using the simplified
formula (18) in tests I-D and IV with aR > 0:7; general equation
(17) was used for test I-A (aR < 0:7). The maximum shear demand
obtained in I-A, I-D and IV were 0.07
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MPa
p
, 8.2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MPa
p
and 0.94ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MPa
p
respectively which clearly govern the prediction of failure.
These results were verified using alternative approaches, for exam-
ple in tests I-D and IV, general equation (17) was used giving val-
ues of 8.4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MPa
p
and 0.99
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MPa
p
which are very similar to those
from (18). FE models with shell elements provide direct results
of the shear force (demand) in the elements throughout the time
history. The results of the maximum shear force at t ¼ td obtained
from the FE models were 0.23
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MPa
p
, 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MPa
p
and 0.89
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MPa
p
in
tests I-A, I-D and IV respectively which indicate very low, very high
and moderate values of the shear demand respectively. The differ-
ence between the demand values from the FE and proposed for-
mula for the extreme tests I-A and I-D is expected since for
extreme values of Z both approaches are less consistent with each
other (e.g. modelling of blast load and dynamic reactions). How-
ever, these differences are not relevant towards predicting punch-
ing since the demand in these cases is clearly below and above the
capacity. For intermediate cases (e.g. test IV), FE and proposed for-
mulae gave very similar results of the distribution of shear demand
at t ¼ td and its maximum value as shown in Fig. 16(a).
The punching capacity estimated according to (20) hdyn using
from (31) were 0.54
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MPa
p
, 0.64
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MPa
p
and 0.61
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MPa
p
in tests
I-A, I-D and IV respectively. As highlighted in Section 6.2, the
capacity is almost constant between the tests which is interesting
considering the large differences in loading. These results were fur-
ther verified using FE with shell elements to refine the prediction
of hdyn. This analysis confirmed that the compatibility condition
hdyn  udyn=R is reasonable to predict the slab rotation outside
the failure region as shown in Fig. 16(b). The punching capacity
obtained using FE with shell elements were 0.60
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MPa
p
,
0.63
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MPa
p
and 0.68
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MPa
p
in tests I-A, I-D and IV respectively
which is similar to the values obtained using Eq. (31) based on a
SDOF model. It can be concluded that according to the analysis of
demand and capacity using different levels of refinement, punch-
ing is predicted only in tests I-D and IV as observed experimentally.
7.3. Influence of strain-rate effect and reinforcement ratio on
numerical predictions
Previous sections show that the results from the numerical and
analytical approaches are consistent with each other. Further para-Fig. 16. FE with shell elements (Test IV): (a) shear demandmetric studies were carried out with the FE models to assess the
influence of strain-rate effects and the amount of flexural rein-
forcement on punching. The strength enhancement of the materi-
als due to strain velocity was taken into account in the FE models
with shell elements by means of the so-called dynamic increase
factor (DIF) which is the ratio of the static over dynamic resistance.
This ratio, which is a function of the strain-rate, was estimated fol-
lowing widely accepted formulae for simplified analysis according
to [37]; in particular the values of 1.17 for steel, 1.19 and 1.3 for
concrete in compression and tension respectively were used for
the numerical analysis of tests from Silva and Lu [3] and Wang
et al. [5] which correspond to an estimated strain-rate of 0.1/s.
The strength enhancement due to strain velocity was taken into
account directly in the FE models with solid elements by means
of a visco-plastic model for the concrete and a Cowper-Symonds
exponential strain-rate model for the reinforcement with parame-
ters C = 500/s and p = 6 according to [53]. The strain-rate assump-
tions made for shell and solid elements produced similar results as
shown in Fig. 15(c).
The consequences of neglecting strain-rate effects in the pre-
dicted deflections and failure mode was investigated using FE
models with solid elements by modifying the constitutive material
model to make it non-sensitive to the strain velocity. This analysis
was carried out for Test IV [5] with W = 0.55 kg of TNT; the results
are summarised in Fig. 17.
The model without strain-rate considerations predicted more
pronounced flexural cracks around the proximity of the supports
compared to the model with strain-rate considerations (Fig. 17).
However, both FE models predicted similar punching failures at
t  td with a similar radius of the punching cone as shown in
Fig. 17; the radius of the damaged region was consistent with test
observation. The predicted deflections at the centre of the slab at
the end of the blast load were 2.9 mm and 3.4 mm in the FE models
with strain-rate and without strain-rate considerations respec-
tively. This suggests that strain-rate considerations in this particu-
lar case had a moderate effect on slab stiffness. For the test
investigated, the estimated strain-rate was of the order of 5/s
which results in a negligible increase in punching capacity accord-
ing to [17]. This seems to be broadly consistent with the numerical
results obtained.
Additional FE models with solid elements were carried out to
investigate the influence of the flexural reinforcement ratio on
punching. According to the proposed analytical model, the rein-
forcement ratio does not have a significant role in punching due
to the impulsive behaviour of the plate. This was further investi-
gated numerically using test IV [5] (W = 0.55 kg of TNT and
q = 1.43%) as the control specimen in the analysis. Three FE analy-
ses were carried out reducing the amount of flexural reinforcement
ratio to 1.36%, 1.02% and 0.5% whilst keeping all other parameters
constant as shown in Fig. 18 .The results from these analysesvs. capacity and (b) profile of vertical displacements.
Fig. 17. Crack pattern predictions at t = td; Test IV [5] with W = 0.55 kN of TNT: (a) FE model with solid elements and strain-rate considerations and (b) identical model
without strain-rate considerations.
Fig. 18. Deflections at early times and crack pattern at t = td for different flexural
reinforcement ratios according to FE models with solid elements (adopted
geometry, materials and loading from Test IV from [5]).
190 J. Sagaseta et al. / Engineering Structures 147 (2017) 177–194shown in Fig. 18 indicate that the deflections of the slab were very
similar at t  td when the punching cone developed. This shows
that punching at early times is fairly independent of the amount9 m
3 m
Stand-off
1.5 m
3 
m
Fig. 19. Example of external detonation near a reinforced concrete wall: (a) geometry, (b
for 100 kg of TNT detonation at 1.4 m.of flexural reinforcement and therefore the use of parameter q
such as in EC2 [47] formulae would be inconsistent with impulsive
behaviour. However, the flexural reinforcement in the slab has a
significant role in the development of subsequent flexural and
spalling damage as deflections increase (t  td).8. Application example of proposed analytical approach
This section contains a practical example of a load bearing rein-
forced concrete wall, which is part of a structural system of a build-
ing subjected to a close-in blast detonation shown in Fig. 19(a). A
similar geometry was adopted as the case study shown in Cormie
et al. [14]. The wall is 500 mm thick, 9 m long and 3 m high
(R = 1.5 m); it is reinforced vertically with 20 mm diameter rein-
forcement bars equally spaced at 150 mm and horizontally with
10 mm diameter bars spaced at 200 mm, and the cover is 50 mm.
The concrete compressive strength is 35 MPa with a maximum
aggregate size of 25 mm and the tensile yield strength of the rein-
forcement steel is 500 MPa. The wall is clamped at the top and bot-
tom edges.
Two blast scenarios were investigated consisting of 100 kg of
TNT detonated at 1 m and 1.4 m from the target wall respectively
and 1.5 m from the ground surface as shown in Fig. 19(a). A refined
non-linear explicit FE model using solid elements predicted punch-
ing only for the detonation at 1 m as shown in Fig. 19(b-c).
It is shown in the following calculations that the proposed ana-
lytical method is consistent with the numerical predictions. The
steps required in the analytical approach are as follows:0.95 - 1 0.95 - 1
3 
m
) FE crack prediction for 100 kg of TNT detonation at 1 m and (c) FE crack predictions
Structures 147 (2017) 177–194 191– Step 1- Estimate load parameters: use Eqs. (4)–(10)J. Sagaseta et al. / EngineeringFor the detonation at 1 m For the detonation at 1.4 m
Pr0 ¼ 185 MPa Pr0 ¼ 80 MPa
td ¼ 0.41 ms td ¼ 0:79 ms
a ¼ 0.75 m1 (aR ¼ 1:12) a ¼ 0.48 m1 (aR ¼ 0:72)– Step 2- Estimate maximum normalised punching shear
demand: use Eq. (18)For the detonation at 1 mﬃﬃﬃﬃp ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃp For the detonation at 1.4 mﬃﬃﬃﬃp ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃp
Vmax;dyn=ðb0d f cÞ ¼ 2:53 MPa Vmax;dyn=ðb0d f cÞ ¼ 0:03 MPa– Step 3- Estimate normalised punching shear capacity: use Eqs.
(20) and (31).
Assuming KLM  0:5 for simplicity gives KLMm ¼ 5:4 ton (con-
servative estimate) and ignoring punching capacity enhancement
due to strain-rates (conservative)For the detonation at 1 m For the detonation at 1.4 m
hdyn ¼ 4:53 mRad hdyn ¼ 9.34 mRad
VR=ðb0d
ﬃﬃﬃﬃ
f c
p
Þ ¼ 0:46 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃMPap VR=ðb0d ﬃﬃﬃﬃf cp Þ ¼ 0:33 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃMPap) Punching shear is predicted ) No punching shear
predicted9. Conclusions
Close-range blasts can result in punching shear failures adjacent
to the detonation in RC slabs or panels due to the localised loading
and high shear demand in this region during the short load dura-
tion. This paper proposes a methodology by which punching shear
failures can be assessed; the approach has been validated using
tests with scale distances between 0.2 and 1.5 m/kg1/3. The main
conclusions are:
1. Due to the short load durations considered, a reasonable upper
bound estimate of the shear demand can be obtained from
dynamic equilibrium between the pressure and inertial forces
assuming t ! 0. Equally, assuming a constant punching capac-
ity during the blast load, based on the CSCT with hdyn at t ¼ td,
provides a reasonable lower bound estimate of the capacity at
the time of failure. This approach is shown to give consistent
systematic predictions of punching of existing experimental
data.
2. The main advantage of the method is that it considers the
favourable effect of impulsive behaviour on punching capacity
(low strains in the concrete leading to higher punching capac-
ity). It has been shown that this feature allows more accurate
predictions of punching of test data compared to using formu-
lae in ACI 318-11 and EC2 which underestimate the capacity
since they are based on quasi-static loading tests.
3. The parameters affecting punching obtained analytically are
those defining the charge (S and W), the geometry (R and d)
and the type of concrete (m,
ﬃﬃﬃﬃ
f c
p
and dg). Punching in tests in
which the blast load was systematically increased was mainly
governed by the large variation in the predicted shear demand;
the variation of the punching capacity was negligible. This con-
firms that punching is mainly governed by the local response
affecting the shear forces (demand) around the failure region.4. The punching shear demand in the proposed model indicates
that punching is not critical in cases where S=R 1 and Z > 1
m/kg1/3 as observed in the tests since the load is almost uni-
form. The proposed approach is particularly useful to assess
punching when S=R  1 or lower and Z < 1 m/kg1/3 where tests
are in the cusp of failure.
5. The proposed approach has the potential to introduce different
levels of refinement in the assessment of the demand and
capacity. With regards the punching shear demand, the use of
more advanced blast load models could be used to refine the
parameters used in the exponential approximation. For refined
predictions of the capacity, the proposed method allows the
possibility of considering strain-rate effects although this was
neglected in the analysis of test data since strain-rates pre-
dicted were below 15/s.
6. The numerical studies carried out in this work using explicit FE
models further supported the proposed methodology. FE mod-
els using solid elements, whilst complex, confirmed that the
punching plug develops at early stages. FE models using shell
elements and SDOF models provided broadly similar predic-
tions of the slab rotation at td, leading to similar predictions
of the punching capacity according to the CSCT. The FE models
also confirmed that the flexural reinforcement and strain-rate
effects, which affect the residual damage, have a small influence
on punching at t ¼ td.
7. With further research, the approach has the potential to be
applied to other cases such as fibre reinforced concrete and
shear reinforced members by adding consistently the different
contributions to the punching capacity. High and low density
concretes could also be investigated since the approach consid-
ers explicitly the mass of the specimen.Acknowledgments
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can be sent to researchdata@surrey.ac.uk.Appendix A. Deformed shape and shape function for
exponentially decaying load
This appendix describes the derivation of the deformed shape
and shape function of a simply-supported 1-way spanning elastic
body of stiffness EI and span L subject to an exponentially decaying
load. It can be shown through virtual work that the static deflec-
tion of such a body subjected to a load (8) is:
yðxÞ ¼ P0
8EIa4
axeaL2 16þ a2 L2  4x
2
3
 
þ 4aL
	 

8ax ln eaL2
 
þ 4faxg
3
3
 xa3L2  4 ln ðeaxÞ2
þ8eaL2 f6þ aLg  24

ðA:1Þ
192 J. Sagaseta et al. / Engineering Structures 147 (2017) 177–194Special cases of (A.1) lead to results for UDL or point load sce-
narios, depending on the value of a. For example, evaluating
(A.1) at x ¼ L=2 and in the limit as a! 0 gives the familiar expres-
sion for a UDL y ¼ 5P0L4=ð384EIÞ. The corresponding shape func-
tion, uðxÞ, describing the deformed shape of a structure such that
uðL=2Þ ¼ 1, can be readily obtained from (A.2) as:uðxÞ ¼
3axeaL2 16þ a2 L2  4x23
n o
þ 4L
 
 24ax ln eaL2
 
þ 4ðaxÞ3  3xa3L2  12 ln ðeaxÞ2 þ eaxð72þ 24axÞ  72
e
aL
2 ð36aLþ faLg3 þ 6faLg2 þ 72Þ  ðaLÞ3  72 12 ln eaL2
 2
 12aL ln eaL2
  ðA:2ÞAppendix B. Structural response according to general non-
linear SDOF
This appendix shows the derivation of a non-linear SDOF sys-
tem which represents the global response of a RC flat slab which
covers general cases valid for any load duration. The load-
rotation response of a RC slab is given by level II of approximation
in fib Model Code 2010 [21]:
h ¼ 1:5 rs
d
f y
Es
Ms
MR
 3
2
ðB:1Þ
where h is the slab rotation, parameter rs indicates the position of
zero radial bending moment with respect to the support axis, Es is
the elastic modulus of reinforcement, Ms is the average bending
moment per unit width of the slab’s column (support) strip and
MR is the average flexural strength per unit length in the column
strip, given by:
MR ¼ qd2f y 1
qf y
2f c
 
ðB:2Þ
where q is the reinforcement ratio at the level being considered
(top steel for the case of blast acting on underside of slab or bottom
steel for blasts acting on slab top surface) and f y is the steel rein-
forcement yield strength. The various terms in (B.1) affect the crack
width (and thus the rotation). The term ðrs=dÞ represents the slen-
derness of the slab while the term ðf y=EsÞ is the strain when the
reinforcement yields which also affects the crack widths. The term
ðMs=MRÞ is the bending capacity utilisation ratio which depends on
the applied load and flexural reinforcement provided. For internal
localised loads, Ms is related to Vd [21] as follows:
Ms ¼ Vd=8 ðB:3Þ
Substituting (B.3) into (B.1) with h ¼ u=R and re-arranging
gives:
Vd ¼ bu23 ðB:4Þ
where Vd 6 Vflex (ultimate flexural resistance which can be obtained
using the yield line method) and b is a slab stiffness parameter in
the non-linear SDOF given by:
b ¼ 8MR 2dEs3Rrsf y
 !2
3
ðB:5Þ
Using these model parameters, the response can be readily
evaluated using a numerical method (e.g. Euler method) to solve
(21) for the slab’s displacement u. In order to transform a non-
linear to an equivalent linear system, an equivalent stiffness ke
can be assessed by equating the strain energy obtained in the
two systems as shown in (B.6)E ¼
Z ue
0
Vddu ¼ 3bu
5
3
e
5
¼ keu
2
e
2
ðB:6Þ
Solving for ke in (B.6) giveske ¼ 6b
5u
1
3
e
ðB:7ÞAppendix C. Punching shear capacity formulae from codes ACI
318-11 [46] and EC2 [47]
The punching shear strength according to ACI 318-11 (in SI
units) for the cases studied is
VR
b0d
¼ 1
3
ﬃﬃﬃﬃ
f c
q
ðC:1Þ
The punching shear strength according to EC2 (in SI units) for
the cases studied is
VR
b0d
¼ 0:18 1þ
ﬃﬃﬃﬃﬃﬃﬃﬃ
200
d
r !
ð100qf cÞ
1
3 ðC:2Þ
where d in [mm] and size effect factor ð1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
200=d
p
Þ 6 2.
Appendix D. Nomenclature
Abbreviations
CSCT Critical Shear Crack Theory
DIF dynamic increase factor
DLF dynamic load factor
MDOF multiple-degree of freedom
SDOF single degree of freedom
UDL uniformly distributed load
Latin lower case
b0 control perimeter for punching, [L]
dg concrete maximum aggregate size, [L]
dg0 reference concrete aggregate size, [L]
d slab effective depth, [L]
f c concrete compressive strength, [M L
1 T2]
f y steel reinforcement yield stress, [M L
1 T2]
h slab thickness, [L]
i distribution of inertial forces, [M L1 T2]
k slab stiffness, [M T2]
ke equivalent linear-elastic slab stiffness, [M T2]
m slab mass, [M]
pðtÞ dynamic loading function, [–]
pðrÞ blast pressure, [M L1 T2]
r radial axis direction, [L]
rmax position of perimeter with maximum shear demand, [L]
rs position of zero bending moment with respect to support
axis, [L]
t time, [T]
J. Sagaseta et al. / Engineering Structures 147 (2017) 177–194 193td blast duration, [T]
u slab displacement, [L]
udyn;ustatic slab displacement for dynamic, static loading, [L]
€u slab acceleration, [L T2]Latin upper case
Cr reflection coefficient, [–]
Es steel reinforcement elastic modulus, [M L1 T2]
I resultant of inertial forces, [M L T2]
KL load transformation factor, [–]
KM mass transformation factor, [–]
KLM load-mass transformation factor, [–]
KP coefficient applied to blast load contributing to dynamic
reaction
KRe coefficient applied to resistance contributing to dynamic
reaction
L slab span, [L]
MR unit slab flexural capacity, [M L T2]
Ms unit slab bending moment, [M L T2]
P total load, [M L T2]
P0 peak incident overpressure, [M L1 T2]
Pr0 peak normally reflected overpressure, [M L1 T2]
Ps0 ambient pressure, [M L1 T2]
R radius of blast-loaded area, [L]
S stand-off distance, [L]
T natural period [T]
Vd shear force, [M L T
2]
Vdyn dynamic shear force demand, [M L T
2]
Vflex ultimate flexural resistance, [M L T
2]
Vmax;dyn maximum dynamic shear force demand, [M L T
2]
VR punching shear strength, [M L T2]
W mass of explosive, [M]
Z scaled distance, [M1/3 L]Greek lower case
a pressure decay parameter, [L1]
b slab stiffness parameter, [M L1/3 T2]
_e strain-rate, [T1]
q flexural reinforcement ratio, [–]
uðxÞ slab deformed configuration shape function, [–]
h slab rotation using blast notation, [–]
hdyn slab rotation at failure (dynamic loading), [–]
hR slab rotation failure (quasi-static loading), [–]
kP ; kI fraction coefficients of the total pressure and inertial loads,
[–]
n shear demand factor to peak reflected overpressure, [L]
x undamped natural frequency, [T1]Greek upper case
W spall parameter, [M0:926L0:66T0:532]
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